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Periodic Orbits with Low-Thrust Propulsion
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Periodic orbits around nonequilibrium points are generated systematically by using continuous low-thrust
propulsion in the restricted three-body problem, with a mass ratio varying from 0 to 1/2. A continuous constant
acceleration is applied to cancel the gravitational forces of two primary bodies and the centrifugal force at a
nonequilibrium point, which is changed into an artificial equilibrium point. The equations of motion are linearized to
analytically generate periodic orbits with constant acceleration. Then, periodic orbits around artificial equilibrium
points which exist on the line connecting two primary bodies are investigated. The frequencies of these periodic
motions are expressed by a parameter that is a function of the mass ratio and the position of the orbits around
artificial equilibrium points. By choosing the frequencies of motions that are small-integer resonant, we have found
the existence of points at which in-plane and out-of-plane motions are synchronized.

Nomenclature

A, B, C = nondimensional amplitudes of oscillation

a = nondimensional acceleration vector in rotating
frame

C; = constants of integration

i = =1

k = s2(k=A1+ i)

n = the number of characteristic solutions

P = parameter as a function of mass ratio and
position of artificial equilibrium point

0,0,,0, = matrices for characteristic equation

r = nondimensional position vector from origin to
spacecraft

ri, 1 = nondimensional distance from origin to two
primary bodies

K = characteristic solutions (s = o + ip)

U = U+

U* = nondimensional gravitational potential

a, B,y = values of solution k

I = mass ratio

iy Lo = nondimensional gravitational constant of two
primary bodies

8(8,.6,,8,) = nondimensional vector from artificial equilibrium
point to spacecraft

P = nondimensional centrifugal potential

¢ = initial phase angle, rad

® = nondimensional angular velocity vector of
rotating frame

10} = nondimensional circular frequency
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Subscripts

X = with respect to the x axis

y = with respect to the y axis

z = with respect to the z axis

0 = with respect to the artificial equilibrium point

1. Introduction

HIS paper describes an investigation of periodic orbits obtained

through linearization about artificial equilibrium points in the
restricted three-body problem. In this problem, there are five
equilibrium points, known as “Lagrange points,” each of which is in
equilibrium between the gravitational forces of the two primary
bodies and the centrifugal force in the rotating frame. When forces
produced by low-thrust propulsion are considered, artificial
equilibrium points that differ from the Lagrange points can be
obtained. This paper studies periodic motions in the vicinity of such
equilibrium points.

Since the 1950s, numerous studies regarding equilibrium points in
the restricted three-body problem and periodic orbits around these
points have been reported. Broucke [1] studied ballistic periodic
orbits systematically in the elliptic restricted three-body problem for
the entire ranges of eccentricity and mass ratio, and seven general
classes of periodic orbits were identified. Farquhar [2] generated
ballistic periodic (station keeping) orbits in the vicinity of the
unstable colinear libration points, L; and L,, by linearizing the
equation of motion. As the frequency differs between the in-plane
and out-of-plane oscillations, the projections are Lissajous curves.
Therefore, by considering nonlinear effects, quasiperiodic orbits
known as halo orbits were obtained [3]. However, these orbits have a
constraint on their amplitude. Jorba [4] focused on the dynamics near
the colinear equilibrium points and obtained an accurate description
of the dynamics by a combination of the reduction to the center
manifold and the Lindstedt-Poincaré method. Gémez [5] also
analyzed an extended neighborhood of the colinear equilibrium
points in which all the relevant information of the neutrally stable
behavior of the dynamics was given. Dusek [6] discussed possible
regions of libration points as a function of low-thrust forces in two-
dimensional space and showed that artificial equilibrium (libration)
points can be generated by constant radial low-thrust forces. He also
reported that, by varying the forces as a function of the distance from
the center, the motion around a point becomes a largely stable orbit.
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Simmons [7] studied equilibrium points in the restricted three-body
problem modified by radiation pressure from two finite masses, for
the entire mass ratio range. He reported nine equilibrium points exist
(five points in the orbital plane and four points out of the orbital
plane,) when the radiation pressure of the smaller mass is very high.
Mclnnes [8] investigated artificial equilibrium points (stationary
solutions) in three-dimensional space for the Earth—sun and Earth—
moon systems using solar sails with the limitation that the
acceleration must be in the direction away from the sun. Scheeres [9]
analyzed a control law which stabilizes unstable periodic halo orbits
about an Earth-sun libration point with continuous acceleration
assuming Hill’s problem and discussed applications to formation
flight. Broschart [10] investigated hovering with constant thrust
about a small body.

In summary, these previous studies have investigated periodic
orbits for two primary bodies with a certain mass ratio, those around
Lagrange points, and those with radial low-thrust accelerations.
However, there have been no past analytical studies regarding
periodic orbits with low-thrust acceleration by any types of
propulsion systems and those for the whole mass ratio range.

In this study, using continuous low-thrust accelerations, we
systematically generate three-dimensional periodic orbits in the
circular restricted three-body problem for the entire mass ratio range
of the two primary bodies. The results can be applied to any
combinations of two primary bodies in the solar system such as the
Earth-moon, the Earth—sun, sun—minor body, Pluto—Charon, binary
asteroids, and Jupiter—Europa systems. The equations of motion are
linearized around the artificial equilibrium points and solved
analytically. The periodic orbits around a point on the line
connecting two primary bodies are studied. In particular, the in-plane
and out-of-plane resonant motions on this line are investigated in
detail. As a result, we have found that resonant periodic orbits with a
simple integer ratio can be realized by defining an artificial
equilibrium point around which a low-thrust spacecraft orbits and its
acceleration, under the above conditions.

II. Equations of Motion

A. Equations of Motion and Acceleration for Artificial Equilibrium
Points

The problem of the motion of a negligible mass (i.e., spacecraft)
moving under the gravitational influence of two primary masses is
called the restricted three-body problem. The two masses are
assumed to have circular orbits about their common center of mass
and to gravitationally attract the spacecraft, although the spacecraft
does not affect the two masses [11,12].

A rotating frame (x, y, z), in which the two primary masses are
fixed on the x axis (Fig. 1), is used in the present study. The y axisisin
the coplane of two primary bodies and the z axis is defined so as to
constitute a right-handed system. The masses of the primary bodies
are made nondimensional as

m=l-pu M

spacecraft

Fig. 1 Rotating frame and relationship between two primary bodies
and spacecraft.

Mo = @

where 0 < u < 1/2.

The distance between the two primaries is taken to be unity, and
the orbital period of the primary bodies is set to 27r. The distances
between the spacecraft and two primary bodies are expressed,
respectively, as

n=+mw)?+y'+2%,  n=G-w)’+y +722 )

The equation of motion of the spacecraft is then expressed as
d’r

d
F—!—wad—:—kwx(wxr):a—VU*(r) “4)

where a is the control acceleration and U*(r) is given by

Ut (r) = —(ﬂ + &) ®)

r r
The centrifugal term in Eq. (4) is written as

V® =w x (0 xr), O(r) = —o x rf? (6)

The new scalar function is then defined as
U(r) = U*(r) + @(r) @)
Therefore, Eq. (4) can be rewritten as

d’r dr
F—{—mea—}-VU(r)—a:O 8)

An artificial equilibrium point with low thrust is obtained by
determining a, satisfying the following equation:

VU(ry) —a, =0 ©

Therefore, a nonequilibrium point r, is changed into an artificial
equilibrium point with low-thrust acceleration, a(ry) = VU(r,) [8].

Note that Lagrange points are obtained by taking a, =0
[i.e., VU(r) = 0].

B. Linearization

To keep the spacecraft at a nonequilibrium point, a continuous
acceleration is given to the spacecraft. In this section the equations of
motion in the vicinity of such a nonequilibrium point are derived. The
spacecraft orbits around the artificial equilibrium points (r,) with
continuous acceleration which is assumed to be constant during an
orbit. The equations are linearized about an artificial equilibrium
point keeping the acceleration constant.

Using r=r, + d[8 = (4,.6,.6,)], the linearized equations of
motion are obtained as [8]

ds ds d
7 4+ 2@ X @ + VU(ry) + [§VU(r)i|r08 —a(ry)
[ 2am] s=0 (10)
ar o

Assuming that the continuous acceleration is constant in the
rotating frame we have

[2 a(r)} =0 a1
or o
By Egs. (9) and (11), Eq. (10) is rewritten as

d2s d [0 _

7 + 2w xa+ [&VU(r)]r')é—O (12)

These are the equations of motion around an artificial equilibrium
point (r,) with a constant acceleration a(r,) in the rotating frame.
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The third term of Eq. (12) is expressed in matrix form as

a Uxx ny sz
[8_ VU(r)] =|U, U, U, 13)
' no Uy Uy U

The elements of this matrix are shown to be

Uy =—1+P;=3(x+ p)*P + Py —3(x — p1y)*P,
Uy=—-1+4+P;— 3y?P, + P, —3y*P,

U., =Py —3722P, + P, —37*P,
(14)
ny = ny = _3y{(x + N’2)P1 + (-x - MI)PZ}
Uy = U = =32{(x + 1) Py + (x — 1) Py}
Uyz = Uzy = _3yZ(P] + PZ)
where
Py =y’
P, = >3
2 llz”z_} (15)
Py = pry”
Py = ors°
Here, we have
0 0,
20x3=|0|x|3d, (16)
2 3.
Therefore, Eq. (12) is also written as
d2 5)( d _25y U)rx ny sz 5)(
— 8, +d— 25, |+ | Uy, U, U, 3, =0
dr | s, oo U, U, U. ||,
a7

C. Solution of the Linearized Equations of Motion

In this section, the linearized equations of motion are solved.
Suppose that §, = e*'(s = o + ip) in Eq. (17). Then, we have

{5x=se‘ = 50, (18)

8, = s%e’ = 528,

By substituting these and similar equations into Eq. (17), we have

2+ U, —2s+ U,y U, 8,
2s+ U, s*+U, Uy, 5 =0 (19
sz Uzy SZ + Uzz 82

Let the first matrix on the left-hand side of Eq. (19) be defined as

ss+U, —2s+U, U,,
Q=|2s+U, s$+U, U,, (20)
U U 2 U,

zx zy

Thus, the characteristic equation is written as det Q, where
detQ =5°+ (U, + U,, + U, +4)s* + (U, U,, + U, U,,
+U, U, —U: —U% —-U%L +4U,)s* + U, U, U,
+2U,U.U,, —ULU, - U~ U, —ULU, @21
From Eqgs. (14) and (15), the second term of Eq. (21) is
Uy +Uy+U,+4=2 (22)

then

detQ=s%+2s* + (U, U,, + U, U, +U,U_ —U: —U%,

xx Y yy
- ng + 4Uzz)52 + Uxx Uyy Uzz + 2ny sz Uyz - U_%z Uxx
-ULU,, — UL U., (23)

When we set k = 52, det Q is rewritten as

detQ = k3 + 2k2 + (Uxvay + UxxUzz + Uyy Uaz - U/%y - U,%z
- U3 +4U )k+ U, U, U, +2U,U. U, —ULU,

xx“yy

- U)Zcz Uyy - U)zcy Uzz (24)
To solve Eq. (17), the characteristic solutions s must satisfy
detQ =0 (25)

Equation (24) is a cubic equation of k, so that the solutions k of
Eq. (25) can be obtained analytically and therefore, characteristic
solutions for s are also obtained analytically by s = +Vk.

Solutions of Eq. (25) can be generally expressed in the form
k = A + i6. Thus, the characteristic solutions are also written as
s =0 + igp, since k = s2.

In general, when characteristic solutions s; =0 + ip(j =1
,...,n) are obtained, the motion § is expressed as

n n n
§ = § C/-e“ — 2 C,ve(aii@’ — § Cjecteiiw
=1 = =1

= Z C;e%(cos ot £ isin¢r) (26)

Jj=1

where n is the number of characteristic solutions and C; are constants
of integration.

When the characteristic solutions s contain a real number (i.e.,
s = 0 + ip ors = o), the motion of the spacecraft experiences either
damping or divergence. When the characteristic solutions s are
purely imaginary (i.e., s = i¢), the motion oscillates. Therefore, if at
least one purely imaginary solution is contained among the
characteristic solutions, oscillatory motions are obtained by
determining the initial value to set the divergence term to zero.

In general, solutions of the cubic equation are either 1) all real
numbers or 2) one solution is a real number and the other solutions
are imaginary numbers. From k = 52, s is decided to be a real number
or an imaginary number based on the sign of k. Therefore, to obtain a
purely imaginary characteristic solution, k£ must have at least one
negative real solution for the motion to be oscillating.

III. Oscillatory Motion

Next, we consider linearized orbits about r, = (X, Yy, Z,)
Xy #0,Y,=0,Z, =0). Substituting (X, 0, 0) into Eq. (3) results
in

1= (X + 1), r; =Xy —m)* 27)
Using the relation shown in Eq. (15),
Py =(1—wl|Xo+ pul?
Py=pulXo+p—1[7°

Py=(1—p)|Xo + pl™
Py=p|Xo+p—117

(28)

and we obtain
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Uy =—1-2(1 = w)|Xo + p| 7 = 2u|Xog + = 1|73
Uy = =1+ pu|Xo +p =17 + (1 = )| Xo + p| 7
U,=pulXo+pn—174+0—wXo + pl

(29)
ny = ny =0
U,.=U,=0
Uyz = Uzy =0

Here a new parameter P (X, /t) is introduced,
P(Xo. ) = plXo + =117 + A= w|Xo + [ (30)
Given that u > 0 and 1 — p > 0, we have
P(Xy, 1) >0 @31

Finally, Eq. (17) is rewritten as

8, —28,— 2P+ 1)§, =0
8, +28, +(P—1)8,=0 32)

§.+pPs.=0

and Eq. (19) becomes

Ql 0 8.!(
o ||s =0 (33)
0 0 0O 8.
where
_[s2=2P-1 —2s i
Q1—|: 2 sz+P—1:|’ 0, =1[s"+P]

Here, the equation of motion for §, is independent of those for 6,
and §,.
y

A. In-Plane Motion

To obtain the solutions §, and §,, the characteristic equation of O,
is written as

detQ, = (s> —=2P—1)(s>* 4+ P—1)+ 42 =5* — (P —2)s°
—-Q2P+1)(P-1) 34)
The characteristic solutions must satisfy
detQ, =0 35)
When we set k = s2,
K—(P—-2k—QP+1)(P—-1)=0 (36)
is obtained. Therefore, solving for k, we have

_ P(Xo. 1) =2 % IP(Xo. 11)” — 8P(Xy. 1)
2

k=s?

@37

When £ is real and negative, the motions of §, and §, may become
oscillatory.
A precondition for this to occur is that

9P(Xo, 1)* = 8P(Xo, 1) = 0 (38)
which is satisfied if
P(Xp.u) <0 or P(Xp.p) =% (39)

Here, the real solutions (k = «, ) are defined as

o PO ) =2+ OPXy: 1) =8P(Xy. )
2

(40)

and

_ P(Xo, 1)) =2 = OP(Xo, 1)* — 8P(Xo, 1)

P 2

(41

To obtain oscillatory motions of §, and §,, the condition o, 8 < 0,
must also be satisfied.
For « < 0, the condition of P(X,, i) is

—1<P(Xpp) <1 42)
and for 8 <0

for all volumes of P (X, i) (43)

B. Out-of-Plane Motion
Next, the out-of-plane motion §. is obtained by solving

0, =5+P=0 (44)
Then, by k = 5% Eq. (44) is rewritten as
k+P=0 5)

When the solution of Eq. (45) is expressed in terms of y, y = —P.
Therefore, y is areal number because P(X, 1) is real. In order that the
motions of §, oscillate, y < 0 must be satisfied, that is

P>0 (46)

C. Oscillatory Motion Condition

Figure 2 shows the characteristic roots with respect to P(X,, it).
From Eq. (31), P(X,, /) must be greater than 0. From this figure, the
condition is divided into three regions according to P(X, it).
I [P(X,u)>1, s* is a real number, >0, 8 <0, y<0];
II: [8/9 < P(X, ) < 1,s*isarealnumbera < 0, 8 < 0, < 0]; and
II: [0 < P(X, ) < 8/9, s? is an imaginary number, o <0, 8 <0,
y < 0]. The shaded area in the first line denotes that P(X,,, ) must
not exist in this range due to Eq. (31). Conditions 1-4 are the
oscillation or divergence conditions that occur in Egs. (39), (42),
(43), and (46). Note that region III corresponds to a stable region.

1. Regionl

The characteristic solutions for §, and §, contain both real numbers
(s = +./&) and imaginary numbers (s = + \/—_ﬁi), and those for 6,
are imaginary numbers [s = +/P(X,, t)i]. Therefore, the solution
§ is obtained as follows:

8, =AeY? 4 Aye Vo 4 Aycos /— Pt + Ay sin /=Bt
8, = AseVo 4 Ace Vo + A, cos /— Bt + Agsin /—Br  (47)

8, = Agcos /P(Xy, )t + Ajgsin \/P(Xy, 1)t

where A;(i = 1,. .., 10) are constants of integration.
Region [1II] [ [x
/—Hr—g
P(Xo, 1) qp2 0 8/9 1
P(Xg,1)>0

@ Eq. (39) « 5% =real number —| s2=imaginary l— 5% =real number—»

for Ea. (39) divergence | oscillation, spiral joscillation| divergence
.0\ “Ed ) (2>0) p———— (@<0)——s| (@>0)
Eq. (39) oscillation | spiral | oscillation
Eq. (43) — (f<0)—
for &, divergence oscillation
{@Eq.(46) (750) (7<0)

Fig. 2 Range of characteristic roots with respect to P(X,, i).
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When we set wg(Xy, ) = /=B and w,(X,, u) = /P(Xo, i)
and choose only the oscillation term from these equations, the
motions are rewritten as

8, = kgA cos(wgt + ¢,,)

8, = Asin(wgt + ¢,,) (48)
8, =A.cos(w.t+ ¢.)

where

2w4(Xo, 1)

ko = 49
# = wop(Xo 1) + 2P (X, ) + 1 @

2. Region Il

The characteristic solutions for &, and §, are all imaginary
numbers (s = +./—ai, +/—Bi), and those for §_ are imaginary
numbers [s = £./P(Xy, t)i]. Therefore, the motions of § are
obtained as follows:

8, = B, cos \/—at + B, sin /—at + B;cos \/—ft + Bysin \/— Pt
8, = Bscos /—at + Bgsin /—at + B; cos \/—ft + Bgsin /— Bt
8, =Bgcos \/P(Xy, W)t + Byysin/P(Xy, u)t

(50)

where B;(i =1, ..., 10) are constants of integration.

When we set wg(Xo, ) = /=B, wp(Xp, ) =+/—B, and
. (Xy, 1) = /P(Xy, 1), and choose only the oscillation term from
these equations, the motions are rewritten as

8, = ko B cos(wut + ¢yy)
8, = Bsin(w,t + ¢,,) (51)
8. =B, cos(w,t + ¢,)

or
8, = kgB cos(wgt + ¢,,)
8, = Bsin(wgt + ¢,,) (52)
8. = B, cos(w,t + ¢,)
where
— Zwa(XO’ /J“)
“ a)ot(XO? Iu’)z + ZP(X(% /'L) + 1 , (53)
Zwﬂ(Xm D)

k =
P wp(Xo, ) + 2P(Xp, ) + 1

and &, and §, each have two frequencies, either of which may be
chosen.

3. Region Il
The characteristic solutions for §, and §, are all real numbers
(s =+, :I:\/B), and those for §, are imaginary numbers

[s = £4/P(Xy, n)i]. Therefore, the motions of § are obtained as
follows:

5): = Cleﬁl + Cze_ﬁ, + 6’39«/5r + C4€7\/Et

8, = CseV® 4 Coe Vo + C7e\/Et + Cge_“/’z’ (54)
8, = Cycos v/ P(Xy, w)t + Cygsin / P(Xy. 1)t
where C;(i = 1,..., 10) are constants of integration. It is found that

4, and 6, contain only divergence or damping terms.

When we set w_(X,, ) = +/P(Xy, #) and choose only the
oscillation term from these equations, the motions are rewritten as

N

Y/ R
e\ Y
I/ i\
g R

X,

® u=3.04e-6 (Sun-Earth), @ 4 =0.1,and @ x=0.5
Fig. 3 P(X,, n) with respect to X,,.

5, =0
5,=0 (55)
8, =C,cos(w,t + ¢,)

D. Parameter P(X, 1)

In general there are two or more values of X, for a given value of
P(Xy, ) at one mass ratio. For example, when the mass ratio
corresponds to the sun—Earth system and P(X,,, 1) = 1 (see Fig. 3),
there is one value of X, in X, > 0 and one value of X, in X, < 0. On
the other hand, when the mass ratio corresponds to the sun—Earth
system and P(X,, ;) = 2, there is one value of X, in X, > 0 and three
values of X, in the X, < 0 region.

Figures 4 and 5 show the acceleration with respect to P(X,, ;) in
the stable region (region II). The value of acceleration in Fig. 4 is
dimensionless whereas that in Fig. 5 is depicted with units, which is
derived from the mass ratio 1 and the distance between the primary
bodies. From Fig. 4, we find that the dimensionless magnitude of
acceleration gets smaller as P(X), 1) and the mass ratio u gets larger.
In Fig. 5, the required acceleration for the sun—Jupiter system is the
smallest because the distance between Jupiter and the sun is much
larger than in the Earth—sun and Mars—sun systems.

IV. Resonant Periodic Orbits
In this section, the frequencies of the solutions &, é,, and 8, are
considered. When the frequencies of §, and §, (i.e., ®,, wg) and that
of §, (ie., w.) differ slightly, projections of the orbits become
Lissajous curves. If the frequencies of §, and 8, and that of 8, are the

P(X,, 1) - Acceleration (x axis)

0
-0.1 2
®
s
= -0.2
o
2
Q
3
< -0.3
%
-0.4
-0.5
8/9 P(X,, 11) 1

® m=3.04e-6 (Sun-Earth), @ m = 3.23e-7 (Sun-Mars), @ m= 9.54e-4 (Sun-Jupiter)

Fig. 4 Normalized acceleration with respect to P(X,, ) in the stable
region (region II).
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P(X,, 1) - Acceleration (x axis)

©)
-0.0002
@
N
£
€ 00004
c
S
©
(7}
2 -0.0006
Q
o
< @
-0.0008
-0.001
8/19

P(X,, 1) 1
® Sun-Earth ( u = 3.04e-6, distance of two bodies = 1.496x10° km)
@ Sun-Mars (u = 3.23e-7, distance of two bodies = 2.279x10° km)

® Sun-Jupiter u = 9.54e-4, distance of two bodies = 7.783x10® km)

Fig. 5 Specific acceleration with respect to P(X,, p) in the stable region
(region II).

same or are a simple integer ratio, such as 1:1 or 1:2, then a spacecraft
achieves a periodic orbit. Table 1 shows values of P(X,, i), at which
w, or wg and w, have simple integer ratios. When w, and wg are
larger than w_, there is no value of P(X, u) satisfying the simple
integer ratio. As for wg, the integer ratio of wg:w, = 1:1 is the only
solution. From Egs. (40) and (41), w,, is smaller than wy at the same
point, so that a spacecraft with a frequency wy orbits more slowly
than one with a frequency of w,.

Now numerical examples of resonant periodic orbits using the
nonlinear equations of motion, Eq. (4), are shown (see Fig. 6). The
acceleration is assumed to be constant as in Eq. (9). The mass ratio is
assumed to be p = 3.0404 x 107°, and the distance between two
bodies is 1.496 x 10'" m which corresponds to the mass ratio of the
sun—Earth system. The amplitudes of §,, §,, and §,, which indicate
the size of the orbit, are set at 15 km. The initial points are obtained
from Eqgs. (48) and (51), or (52), and the initial velocities are obtained
by differentiating the initial positions. Substituting these initial
conditions and accelerations into Eq. (4) and integrating numerically,
the periodic orbits are obtained. Figure 6 shows the comparison
between the analytical solutions and the numerical one. Because the
size of the periodic orbits is small (15 km), the error between the
nonlinearized Eq. (4) and linearized Eq. (12) can be neglected.

Figure 7 shows the resonant periodic orbits shown in Table 1 when
Xy > 0. Similar figures can be found when X, < 0. The artificial
equilibrium point, acceleration vector, and periods of orbit are also
shown in Fig. 7. Note that the scale of §,—§. projections for the cases
of wg:w, = 1:3 and 1:4 differ from the other projections.

V. Discussion

Artificial equilibrium points are proposed using constant low-
thrust acceleration. Furthermore, periodic orbits around these
artificial equilibrium points are generated analytically in which the
initial conditions are obtained from the linearized equations of
motion. The proposed method can generate small-size artificial

10000 10600
€ L o L € L o n
> =
-20000 -1000 0000 20000 -20000 -1000i 0000 20000
10Q00 10Q00 |
20000 20000
X, m X, m
a) b)

Fig. 6 Comparison between the analytical solution and the numerical
solution (orbit size is 15 km): a) analytical solution; b) numerical
solution.

halo-type orbits in an efficient way. These periodic orbits are in three-
dimensional space, which realize local periodic motion around
artificial equilibrium points and are applicable, for example, to
asteroid hovering missions and space weather missions in the sun—
Earth system requiring local periodic motion for observation. The
possibility of large-size halo-type orbits is discussed later in this
section.

By choosing the frequencies of motions that are small-integer
resonant, we found the existence of points at which in-plane and out-
of-plane motions are synchronized. When P = 1, the period of in-
plane motion equals that of the out-of-plane motion. Moreover, the
periods are wg = w, =1, which means that these solutions are
periodic in both the rotating and the inertial frames.

For periodic orbits in the stable region (see Fig. 2), the control
acceleration required takes the values shown in Figs. 4 and 5. When
the control acceleration around an artificial equilibrium point is
changed, then the center point of periodic orbits may be shifted to
another artificial equilibrium point as a function of the control
acceleration. This means we can switch from a periodic orbit to
another periodic orbit by changing the control acceleration
appropriately.

The limitation arising from a linearized approach is shown in
Figs. 8—11. Each center of the two periodic orbits in Figs. 8-11 is
assumed to exist at X = 1.02 (region I in Fig. 2) and at X = 1.03223
(wg:w, = 1:1 in region II in Fig. 2), respectively. The integration
time in this simulation is 3 years. For linear and nonlinear orbits of the
same size in Figs. 8—11, the amplitudes A, A, of Eq. (48) and B, B, of
Eq.(52)are 1.0 x 10 AU (about 1.5 x 10° m)and 1.0 x 10~ AU
(about 1.5 x 107 m), respectively. As for the larger nonlinear orbits
in Figs. 8-11, the amplitudes A, A, and B, B, are 1.0 x 107* AU
(about 1.5x 107 m) and 1.0 x 10~ AU (about 1.5 x 10® m),
respectively. The initial phases of Eqs. (48) and (52) are set to
¢y, =0, ¢, = 0. The shapes of the smaller nonlinear orbits are the
same as those of the linear orbits. From these figures, the limitation of
size is found to be from 1.5 x 10° m to 1.5 x 10® m, when the
spacecraft cannot complete more than one revolution in its periodic
orbit. However these linearized orbits are useful to develop large-
amplitude orbits in the nonlinear system. Figure 12 shows an
example of orbits using nonlinear equations of motion [Eq. (8)]. The
initial positions are the same as those of Figs. 10c and 11c, whereas
the velocity in the y component is varied to achieve large-amplitude
periodic motion. The velocity in the y component of the linear case is
0 m/s, and that of the nonlinear case is —0.12 m/s.

Table 1 Values of P(X,, p) that satisfy v, or wz and form a simple integer ratio with .. The — notation stands for “no solution”

Wy W, OF Wg:W,

1:1 1:2 2:1

1:3 3:1 1:4 4:1

(o8 — P(Xp, j1) = 0.93 (a)ﬂ = 0.48)

w, =097

Cl),g _
P(Xo, ) = 1.00 (a)z =1.00

P(Xo, 1) = 0.97 (Zﬁ -
wp = 1.00) S - :

008) v e)

P(Xo, ) = 0.98 (
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Fig. 7 Synchronous periodic orbits.

The direction and magnitude of control acceleration in this paper is
kept constant during a periodic orbit. In general, the acceleration
direction of the solar sail depends on its sail steering capability and
cannot be turned to the sun. The magnitude of thrust of a solar sail is
dependent on the steering angle and the sail area. On the other hand,
the magnitude of solar electric propulsions (SEP) is dependent on the
available electrical power. Therefore to obtain a constant
acceleration we must control the power budget. Because SEP
consumes the propellant and causes the mass of the spacecraft to
decrease, the thrust must be controlled as the propellant is consumed
in order to achieve a constant acceleration.

In the example in Fig. 7, the directions of accelerations for all cases
are sunward. It is therefore difficult for solar sails to generate these
orbits. The magnitudes of the accelerations are dependent on the
mass ratio p and the distance between the two primary bodies as
shown in Figs. 4 and 5. For example, the required acceleration
magnitude of the wg:w, = 1:1 case in the sun-Earth system is
0.000538 m/s?> and this corresponds to about 500 mN thrust for
1000 kg spacecraft and 250 mN thrust for 500 kg spacecraft. On the
other hand, the required acceleration in the sun—Jupiter system is
about 0.0001 m/s? and this corresponds to about 100 mN thrust for
1000 kg and 50 mN thrust for 500 kg. These values can be achieved
by existing SEP systems such as the NSTAR engine (about 90 mN)
[13]used on the DS1 spacecraft. Assuming a specific impulse (Isp) of
3200 s and a propellant mass percentage of 50%, the time until the

propellant is depleted is 337 days in the sun—Earth system and
1815 days in the sun—Jupiter system, respectively. When periodic
orbits exist on the point X, = —1.000002 which satisfy the wg:w, =
1:1 condition (P = 1) in X, < 0, the required acceleration magnitude
is drastically reduced to 1.3 x 10~ m/s?. If nonresonant periodic
orbits are considered, the acceleration requirement can be reduced
further still. For example, the required acceleration magnitude of
periodic orbits at X, =1.009 in the sun—Earth system is
0.0000637 m/s?, which corresponds to ~60 mN thrust for a
1000 kg spacecraft. In this case, the direction of acceleration is
opposite to the sun, and therefore a solar sail system can be used.

VL

Periodic orbits around nonequilibrium points were generated
analytically by changing these points into artificial equilibrium
points with low-thrust acceleration. The equations of motion were
linearized about a nonequilibrium point, which corresponds to the
center of oscillatory motion. The characteristic equations for the
equations of motion were transformed into a cubic function.
Oscillatory motions were obtained by determining the initial
conditions such that the divergence term is canceled. As a special
case, periodic orbits centered on the line connecting the primary
bodies were investigated. The orbits were divided into various types
based on a parameter that expresses the relationship between the

Conclusion
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Fig. 8 The in-plane limitation of linearization [X, = 1.02 (region I in
Fig. 2)]: a) linear orbit (size: 1.0 x 10° m), b) nonlinear orbit (size:
1.0 x 10° m), ¢) nonlinear orbit (size: 1.0 x 107 m).
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Fig. 9 The out-of-plane limitation of linearization [ X, = 1.02 (region I
in Fig. 2)]: a) linear orbit (size: 1.0 x 10°), b) nonlinear orbit (size:
1.0 x 10° m), ¢) nonlinear orbit (size: 1.0 x 107 m).

mass ratio and the position of an artificial equilibrium point. It was
shown that by choosing an appropriate center point and acceleration,
the frequencies of in-plane and out-of-plane motion have simple
integer ratios, and resonant periodic orbits can be realized. Periodic
orbits with constant acceleration can be generated in the nonlinear
equations of motion by choosing the appropriate initial conditions
obtained from the linear equations. The proposed periodic orbits
around artificial equilibrium points are applicable to hovering
missions which require station keeping at nonequilibrium points.
Because the periodic orbits are in three-dimensional space, these
orbits may be especially useful for regular-interval observations from
out-of-plane positions.
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Fig. 10 The in-plane limitation of linearization [X, =1.03223
(@wg:w, =1:1 in region II)]: a) linear orbit (size: 1.0 x 107 m),
b) nonlinear orbit (size: 1.0 x 10’ m), c¢) nonlinear orbit (size:
1.0 x 10® m).
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Fig. 11 The out-of-plane limitation of linearization [X, = 1.03223
(wg:w, =1:1 in region ID]: a) linear orbit (size: 1.0 x 107 m),
b) nonlinear orbit (size: 1.0 x 107 m), ¢) nonlinear orbit (size: 1.0 x 10%).
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